Abstract-Flexible sampling strategies, such as non-equidistant sampling, potentially enhance the performance/cost trade-off present in traditional fixed sampling schemes. The aim of this paper is to develop a systematic feedback control design approach for systems with flexible sampling. A framework for stability and performance analysis based on frequency response function measurements is presented. The framework enables loop-shaping feedback control design for non-equidistantly sampled systems based on LTI insights. Application of the framework in a case study demonstrates the use for feedback control design and the potential of non-equidistant sampling.
I. INTRODUCTION
Control applications are typically implemented digitally with equidistant sampling to obtain lower cost and higher design freedom [1] . For linear time-invariant (LTI) systems, the equidistant sampling allows the use of well-known frequency domain control design approaches through, for example, Bode plots and Nyquist diagrams [2] . However, fixed equidistant sampling is limited to a performance/cost trade-off. For example, an increase in sampling rate to increase performance also increases the hardware cost of, e.g., sensors and actuators.
The performance/cost trade-off can be enhanced by exploiting the flexibility in sampling provided by present-day embedded software. Examples of this flexiblity are task scheduling policies leading to non-equidistant sampling of the individual tasks. Flexible sampling schemes, such as multirate control [3] , [4] , [5] and non-equidistant sampling [6] , allow to exploit the full potential of digital control.
Traditional frequency domain control design techniques [2] assume LTI dynamics and hence cannot deal with time-varying dynamics introduced by flexible sampling. Flexible sampling, such as non-equidistant sampling, of LTI systems leads to linear periodically time-varying (LPTV) systems [6] . Modelbased control designs for LPTV systems include pole placement [7] , LQR/LQG, H 2 /H ∞ approaches [8] , and internal model principle [9] . Also designs based on time-invariant reformulations such as Floquet-Lyapunov transformations [10, section 1.2] and lifting approaches [10, section 1.6] are often model based. However, as is argued in [11] , despite the abdundant control theory, model-based designs are challenging since obtaining a parametric LPTV model is difficult, and typical LTI interpretations are not valid, complicating the actual design [12] , [13] .
Although control theory for LPTV systems has been significantly developed, at present there is no systematic control design approach based on frequency response function (FRF) measurements. The aim of this paper is to develop a control framework for non-equidistantly sampled systems which enables loop-shaping control design [2, section 2.6], [14] , [15, section 6 ] based on FRF measurements only. The framework explicitly incorporates time-varying aspects and addresses key objectives such as stability and performance.
The main contribution of this paper is a framework that facilitates LPTV loop-shaping feedback control design based on FRF measurements. This paper has the following contributions: (I) stability test: an FRF measurements based Nyquist test for LPTV systems; (II) performance quantification: LPTV generalizations of FRFs; and (III) demonstration of the potential of non-equidistant sampling through application of the framework in a case study. The presented framework forms the basis for loop-shaping feedback control design for systems with flexible sampling.
The outline of this paper is as follows. In section II, the potential of non-equidistant sampling is demonstrated and the control objectives are presented. The Nyquist stability test for the non-equidistantly sampled system (contribution (I)) is presented in section III. The performance quantification based on FRFs (contribution (II)) is presented in section IV. Application of the framework is demonstrated via a case study (contribution (III)) in section V. Conclusions are provided in section VI.
II. NON-EQUIDISTANT SAMPLING IN MOTION CONTROL
In this section, the potential of non-equidistant sampling in motion control applications is explored and the control objectives are defined.
A. Example of non-equidistant sampling
Multiple applications are often embedded on a single platform to reduce cost. The platform resources are allocated to the different applications using a scheduling policy. The required predictability of the scheduling is offered by platforms such as CompSOC [16] .
Scheduling of applications is often periodic and results in periodic non-equidistant sampling of the individual applications as illustrated in Fig. 1 . The non-equidistant sampling introduces time-variance, also for time-invariant applications. ). The non-equidistant sampling sequence ( ) with period 4 s has additional control points at 1, 5, . . . that can be used to improve performance as the related sampling intervals are sufficiently small.
In particular, periodic non-equidistant sampling of a linear time-invariant (LTI) system results in linear periodically timevarying (LPTV) behavior [6] , [1] .
B. Exploiting non-equidistant sampling in control design
The potential of non-equidistant sampling is illustrated via the example in Fig. 2 . The discrete-time controller input is given by the samples of the continuous-time sine wave with frequency 3 8 Hz. The input sequence is sampled nonequidistantly, whereas LTI control designs require equidistant sampling. Equidistant sampling can be obtained by discarding control points. The equidistant sampling sequence with the highest sampling frequency is given by the sequence and has Nyquist frequency Control on the non-equidistant sampling sequence can be beneficial since some of the intervals have a Nyquist frequency of 1 2 Hz which is larger than the input frequency 3 8 Hz. Hence, non-equidistant sampling has potential in control design.
C. Control objectives
In this paper, the focus is on feedback control of nonequidistantly sampled LTI motion applications as shown in 
. . , τ and vice versa. An example of a scheduling sequence is given in Fig. 4 where τ = 3 and
. The control objective considered in this paper is given by Problem 1. In this paper, the stability aspect (Problem 1(A)) and the performance aspect (Problem 1(B)) are addressed in section III and section IV, respectively. In section V, stability and performance of three controllers are evaluated in a case study. The loop-shaping control design will be presented elsewhere due to space restrictions.
III. STABILITY: NYQUIST TEST FOR LPTV SYSTEMS
In this section, a stability test for the closed-loop system in Fig. 3 is presented which addresses Problem 1(A). The result is a Nyquist test for LPTV systems and constitutes contribution (I).
The Nyquist stability test is based on lifting the open-loop transfer of the system in Fig. 3 . The time-lifting reformulations are presented in section III-A. The Nyquist stability test for LPTV systems is presented in section III-B.
A. Lifted reformulations
Lifting the LPTV controller C d over its period τ is given by Lemma 1 and follows from [10, section 6.2.3].
with transition matrix
and monodromy matrix Ψ = Φ τ,0 .
Lemma 1 is applicable to (periodic) state-space systems and hence not to the FRF measurements of G 
Lemma 2. The [i, j]-element of the LTI transfer function
T , and
To construct the LTI reformulation of the open-loop transfer the following definition is introduced.
Definition 3. Let
and define
B. Nyquist test
Using the time-lifted reformulations, the main result of this section can be presented, namely the Nyquist stability test for the closed-loop LPTV system in Fig. 3 . The result is presented in Theorem 4 and constitutes contribution (I).
Theorem 4 (Closed-loop stability LPTV system). The closedloop system in Fig. 3 Fig. 3 
is stable if and only if the Nyquist plot
Zero-order-hold interpolator. 
IV. PERFORMANCE: FREQUENCY RESPONSE FUNCTIONS FOR LPTV SYSTEMS
In this section, the performance of the system in Fig. 3 is quantified which addresses Problem 1(B). The performance is quantified in terms of FRFs and constitutes contribution (II).
In section IV-A, the conversion between equidistant rates based on multirate building blocks is presented. The building blocks are used in section IV-B to describe the system in Fig. 3 through filter banks. In section IV-C, performance functions for the system in Fig. 3 are defined based on FRFs obtained from the filter banks.
A. Multirate building blocks
Conversion between equidistant rates is described by the multirate building blocks in Fig. 5 , where a zero-order-hold interpolator is used. These blocks are defined in Definitions 5-7, where capital letters indicate Fourier transforms of the timedomain signals in small letters and z ∈ C is a complex indeterminate. Further properties are available in, e.g., [17, section 4.1.1].
Definition 5 (Downsampler). The downsampling operator S F d
in Fig. 5(a) with downsample factor F ∈ N is defined as
f F . Fig. 5(b) with upsample factor F ∈ N is defined as
Definition 6 (Upsampler). The upsampling operator S F u in
x h [k] = x l [ k F ], k F ∈ Z, 0, k F / ∈ Z, X h (z) = X l (z F ), with x = max{m ∈ Z | m ≤ x}.
Definition 7 (Zero-order-hold interpolator). The zero-orderhold interpolator I
F zoh in Fig. 5(c) with interpolation factor F ∈ N is defined as
In the next section, the multirate building blocks in 
C. Performance functions LPTV system
To quantify performance, two performance functions based on FRFs are considered.
An FRF describes the relation between the Fourier transforms of the input and output. Expressing the FRF as a matrix multiplication yields the frequency response matrix (FRM). Let U be the Fourier transform of the input and Y be the Fourier transform of the output (over the full frequency range [0, 2π)), then for an LPTV system with period T , it holds Y = G LP T V U where the FRM has the structure
consisting of T × T diagonal submatrices. The structure in (2) clearly shows that the frequency separation principle does not hold for LPTV systems, i.e., an input with a single frequency component may yield multiple output frequencies.
To quantify performance of the LPTV system in Fig. 3 in the frequency domain, the fundamental transfer function (FTF) F and the performance frequency gain (PFG) P are used. Both functions are commonly used for multirate and sampled-data systems, see [11] , [13] and references therein. Generalizations for LPTV systems in terms of the FRM are presented in Definition 8. 
and the performance frequency gain (PFG) is defined by
The FTF corresponds to the diagonal of the FRM and hence only takes into account the fundamental frequency component. The PFG takes into account the full intersample behavior and relates the root-mean-square (rms) value of the output to that of the input. This is particularly relevant to quantify control performance as is shown by the case study in the next section.
V. APPLICATION TO NON-EQUIDISTANT SAMPLING IN MOTION CONTROL
In this section, both the stability test in section III and the performance quantification in section IV are demonstrated via a case study. The case study shows the potential of nonequidistant sampling and constitutes contribution (III).
A. Setup
The closed-loop system in Fig. 3 is considered with G 
with 
B. Controller design

C. Stability
Stability of the closed-loop system in Fig. 3 is evaluated using Theorem 4. The Nyquist diagrams for both controllers are shown in Fig. 9 . Using the Nyquist diagrams it is determined that both C d,1 and C d,2 stabilize the system.
To demonstrate that stability is nontrivial, a third controller C d,3 is considered. The controller is based on non-equidistant sampling of a base rate controller. The base rate controller design is similar to that of C 0 d shown in Fig. 8 , but with an increased bandwidth (31 Hz). The base controller stabilizes the closed-loop system, however, C d,3 yields an unstable closed-loop system as shown by Fig. 9 . The results show that downsampling of a stabilizing controller at the base rate does not necessarily yield a stabilizing controller when implemented at a lower (non-equidistant) rate. 
D. Performance
The time-domain signals ε 3 are shown in Fig. 10(a) . The results confirm stability for C d,1 , C d,2 and instability with C d, 3 . The results also show that the nonequidistantly sampled controller C d,2 outperforms the equidistantly sampled controller C d, 1 . This is a direct result of the additional control points that are available and demonstrates the potential of non-equidistant sampling. Next, the performance of non-equidistantly sampled C d,2 is further evaluated. Analysis of C d,1 follows along similar lines.
The cumulative power spectrum (CPS) of ε 0 for C d,2 is shown in Fig. 10 The magnitude of the performance functions F (3) and P (4) are shown in Fig. 11 . Function F only shows the fundamental components, i.e., the diagonal of the FRM. In contrast, P shows the full behavior. The responses of both functions to input frequencies f 1 , f 2 in (5) are presented in Table I . Note that |F| and P are the same for frequency f 1 since no images occur for this frequency.
The performance frequency gain P specifies the contribution of each input frequency to the power in the output and is therefore relevant for controller design. The contributions of the individual frequencies f 1 , f 2 in ρ 0 (5) to the power in ε which corresponds to the first plateau in Fig. 10(b) . Input frequency f 2 contributes A2 √ 2 P f =f2 2 = (1.5 · 1.954) 2 = 8.589
to the power of ε 0 which corresponds to the difference between the third and first plateau in Fig. 10(b) . Note that frequency f 2 yields multiple contributions (where 80 Hz and 920 Hz are dominant) as a result of imaging. The total power in ε 0 is the sum of the individual contributions
22.285, and corresponds to the CPS value at the Nyquist frequency of 2000 Hz in Fig. 10(b) . A similar reasoning can be followed for controller C d,1 . The analysis shows how the PFG can be used to quantify performance of (non-)equidistantly sampled systems.
E. Summary
The case study shows the application of the presented framework for both stability and performance analysis of nonequidistantly sampled systems. In particular, it shows that (I) closed-loop stability at the equidistant base rate is not preserved when downsampling the controller to a non-equidistant rate; (II) the power frequency gain is relevant to quantify performance for control design; and (III) non-equidistant sampling has a large potential in (motion) control.
VI. CONCLUSIONS
Flexible sampling, such as non-equidistant sampling, has the potential to enhance the performance/cost trade-off in traditional fixed sampling. However, at present there is no practical control design framework for systems with nonequidistant sampling. In this paper, a framework to test stability and quantify performance of non-equidistantly sampled systems is presented. The framework is based on FRFs and facilitates loop-shaping feedback controller design based on FRF measurements.
Future work focuses on controller design for nonequidistantly sampled systems based on the presented framework.
